The simplest example of the onset of chaos in a Hamiltonian system is provided by the "standard" or Chirikov-Taylor model. As a nonlinearity parameter, k , is increased the long term behavior of the momentum, p , is examined. At k = 0, p is conserved. For k < k,, for all startingpoints,p is of bounded variation. For some starting points its behavior is periodic, for others quasi-periodic, for others chaotic. At some critical value of k , unbounded chaotic variation first appears. A scaling analysis to describe this onset is described.
The problem we will discuss in this lecture has a long history. The basic work in the problem was done by Kolmogorov The phenomenology of Hamiltonian systems is quite different from that of dissipative systems. In this lecture we shall analyze in detail the breakdown of a KAM curve and the onset of unbounded chaotic motion in a particular map. First, let us give three physical systems to motivate the study of this map.
First consider a pendulum ( Fig. 1 )
in which we choose units of 0 so that 0 = 1 corresponds to 360". Let us act upon this system periodically by modulating g, the force due to gravity (say, by wiggling the support of the pendulum)
We get equations i. = -k(t)sin(2nB)
B = r
Here k ( t ) is a periodic function of line with frequency w and r is the velocity of the pendulum. We can now use a trick due to PoincarB to transform this differential equation into a map.
Observe the pendulum once each period of the force; let rj = r(tj) and B j = 8(tj) where tj = ( 2 n /~)~. Since the phase of the external force at time tj is independent of j , one can integrate the equations of motion (3) over this period, expressing the new state of the pendulum in terms of its state one period earlier: 
In general, F and G w i l l be some nonlinear functions periodic in 8 . The simplest model which seems to capture the physics of this system is the standard map The second system we will use to motivate this map is an accelerator model (Fig. 2) . Envision a particle moving around a circular track, accelerated each time it enters a small box; the acceleration is provided by an a.c. field in the box at the time the particle enters; the eqs. (5) describe the state of the particle as it enters the box for the j + 1st time in terms of its state as it entered the time before. One can reexpress eq. (5) in the form ej+l -28, + ej+ = -(k/2n) sin ( 2~0 , ) (6) which as a discrete version of eq. (1) perhaps makes the connection to the pendulum problem more clear.
Finally, consider a solid state model of a one-dimensional array of atoms adsorbed on a periodic substrate (Fig. 3) . The jth atom feels a force from the springs connecting it to its two neighbors, and from the gradient of the potential energy at its position on the periodic substrate. If we choose 0, = xj/a to be the position of the jth atom xi divided by the substrate lattice constant a, then
System i s Physica Scripta T9 p u r t i c l e moving with speed r j phase o f p a r t i c l e occeleroted particle a t via oscillating e n t r y i s B j e l e c t r i c f i e l d describes a static configuration of atoms. This is of the form (6) . The breakdown of the KAM surface has a physical meaning here as a pinning of the density wave of adsorbed atoms; this problem has been studied by Coppersmith et al. [ 6 ] , Aubry [7] , and others.
The standard map eq. ( 5 ) has no conserved energy; as noted above, it can represent an externally forced pendulum which exchanges energy with its environment. It does, however, obey Liouville's theorem
The map possesses at least three qualitatively different kinds of orbits: periodic, chaotic, and KAM curves. To describe these orbits I shall draw two kinds of pictures: Figure 4 plots Oj vs j to show the "average velocity" and Figure 5 plots (rj,Oj) in phase space to show the nature of the typical orbits.
The top orbit is periodic; after three iterations 81 has increased by two while rj has returned to its initial value; since 8 and 8 -1 are identified, this is a return to the initial state. The orbit progresses q = 2 units in its period p = 3 , so its average speed W is p / q = 213.
The bottom orbit is chaotic. Chaotic orbits appear to fill areas which we shall argue are bounded by the KAM curves. The middle curve is an example of such a KAM curve. All the points on the orbit fall on a smooth periodicgy climbing curve; it has a well-defined average speed of W = (45 -1)/2.
For large values of k , the chaotic region becomes unbounded in the vertical direction along r (Fig. 6 ). For many (but not all) initial conditions the motion in this regime appears diffusive, with a diffusion constant (9) which depends on k (Fig. 6 ). Numerical studies due to Chirikov latter orbits will form the KAM trajectories as we increase k; the rational orbits will destroy nearby irrational orbits to form For k > 0 but small, there are lots of KAM trajectories; in dots represent two different chaotic regions, separated by many KAM between any two, lies a chaotic region (in between any two trajectories. In (b) Ikl is larger than in (a). As I~I increases, KAM trairrationals lies a rational). We assert that the chaotic regions jectories disappear and chaotic regions merge. are confined by the persistence of horizontal KAM trajectories (as in Fig. 5) . Consider the chaotic region, for example, conof a small neighborhood of the origin (Fig. 7) under successive iterations of the map Will h general form a very contorted Open set. However, it must always include the origin, and cannot intersect a KAM surface (since points on a KAM surface are images only of other points on the Surface). Thus no Point in the neighborhood can ever leave the region bounded by horizontal KAM surfaces.
As we continue to increase k, more and more KAM curves break up, and the chaotic regions merge (Fig. 8) until at = k the last remaining horizontal KAM curves disappear and unbounded vertical chaotic diffusion ensues. Empirically, the last surfaces to go have w = (4: -1)/2, the inverse of the Greek's golden mean [8-101 (up to an integer). That is, at kc (Fig. 9 ) only isolated horizontal curves are left amid the chaos, and these have become very crinkled. For k > k, these curves also break up; gaps form in them, changing the curve into a Cantor set (Fig. IO) .
The remainder of this lecture is devoted to describing the m -detailed mechanism for the break up according to the lines Of in detail? G~~~~~ has observed that these last KAM curves can be thought of as a limit of the particular periodic cycles with W, = p n / q , and In Fig. 11 , for example, we see two periodic cycles with w = 213 above the KAM surface, and two below with W = 3/5. These periodic cycles alternately converge to the KAM surface with w = (45 -1112 from above and below. Indeed, the solid line in Fig. 11 actually is composed of two cycles with = 4181 = F l s , as we can see in the expanded scale of Fig. 12 . Here note how magnificantly smooth the KAM surface appears on this length scale.
why do we choo_se precisely this sequence of periodic orbits to look at tahing the fixed Point r = 0, 6 = 0-The union of the the research carried on by Scott J. Shenker 2 -t) .) The obvious smoothness of U is reflected on A(w), which is exponentially small as w gets large.
Note that already A 5 is larger than A d ; 4 is not a Fibonacci number.
In Fig. 14 , we see u and wA, f o r k = 0.9. New bumps have appeared in U , and the Fourier transform reflects this with prominent structure at the low Fibonacci numbers. (Notice that these peaks do not reflect numerical effects from our use of Fibonacci length orbits in approximating the KAM surface. These frequencies are naturally arising in the spectrum of the surface.) Finally, in Fig. 1 5 we look at k = k,. Figure 15(a(l) ) is a graph of u ( t ) and a small part of the phase trajectory is shown expanded in Fig. 15(a(2) ). In striking contrast to Fig. 12 , it is very bumpy even on this small length scale.
A longer orbit than in Fig. 15(a(2) ) would fill the gaps between these dots with more bumps like these. Figure 15 of the map and are not universal. One must also ignore the very high frequencies (short wavelengths) as the finite length of the orbit numerically introduces errors. The scale region of the spectrum is expanded in Fig. 15(c) . The big lines at the Fibonacci numbers have settled down: lqnA(qn)l is clearly constant as n + =. Also the smaller peaks are settling down, giving a beautiful self-similarity. Let us look in more detail at o(t) near t = 0 (Fig. 16 ). (t = 0 and t = 1/2 are special symmetry points of our map (3). The function e(t) at k , is self-similar, scaling [12] and like [ 131 [13] ) where 0(7) is a universal function. Overall, the function develops an infinite slope at zero, with
The exponent xo is characteristic of the behavior of 0 in this transition. A similar exponent y o can be developed governing the behavior of r(l/F,) -r(O). Near t = 1/2, two more exponents x 1 and y1 governing 6 and r can be defined. Finally, two more exponents R , and R , can be defined as follows. To each Fibonacci ratio approximating the golden mean there are two periodic orbits -one stable (elliptic) and one unstable (hyperbolic). (In the figures the circles denote elliptic, the crosses hyperbolic orbits.) The derivative of the q-times iterated map for a p/4 cycle has two eigenvalues eh and e-' (with X pure imaginary for elliptic orbits). The residue is defined to be 1/4 (2 -e' -e-');
its behavior for W = F,-,/F, as n + -at (k, -k) Q 1 is described by the exponents R, and R,.
These exponents are tabulated in Table I exponents for the breakdown of the last KAM curve in the standard map (5) . The last column shows the breakdown of the last curve in a different area preserving map of the plane; the agreement in the exponents shown has persisted using the Thus we see universal behavior; the singularities at k , are independent of the exact map, or (within limits) the exact W . We see scale invariant behavior (1 5) with structures which recur on all t-scales as t + 0, 1/2, and which occurs again and again 1 , 1 , 1 ... I [ 3 , 1 , 4 , 1 . . . 1 [ 2 , 2 , 2 . . . I [ 1 , 1 , 1 
